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A B S T R A C T   

The hyperelastic Yeoh model has been generalized to account for creep, plasticity and viscoelasticity of polymers. The general tensorial model developed is applied to 
several rheometric situations: the tensile test used to measure the stress-strain curve in tension, as well as the creep and recovery tests. The resulting equations are 
compared to the experimental results acquired in the present work for several monolithic synthetic fibers used as specimens. The comparison revealed that the 
proposed phenomenological rheological constitutive equation is capable of reproducing the experimental data with a uniformly valid set of physical parameters. 
Moreover, it was possible to accurately predict the residual plastic deformation of the fibers.   

1. Introduction 

Rubbers and elastomers, in particular, those which are used to form 
man-made fibers, as well as a number of natural fibers, significantly 
deviate from the linear elastic response in tensile tests, i.e., demonstrate 
significant deviations from Hooke’s law [1–3]. To describe stress-strain 
curves in tension observed for such rubber-like and elastomeric mate
rials [4] several phenomenological constitutive equations were pro
posed, which can be generally characterized as the so-called 
hyperelastic models [2,5–10]. It should be emphasized that any 
hyperelastic model is based on a strain energy function W, from which 
the stress-strain relationships are derived. Some of the commonly used 
hyperelastic models are the neo-Hookean model, the Mooney-Rivlin 
model, the Ogden model, the Arruda-Boyce model, and the Yeoh 
model, etc. [2,5–10]. In many cases fiber-forming materials can be 
considered being incompressible, and only this type of materials is dis
cussed hereinafter. Several examples of the strain energy function W can 
be written as 

W ¼C1ðI1 � 3Þ þ C2ðI2 � 3Þ (1)  

where I1 and I2 are the first and second invariants of the Green tensor B, 
i.e. 

I1¼ trB; I2 ¼ trB2 (2)  

and C1 and C2 are the material parameters. 

Then, the stress tensor σ is found from the strain energy function, for 
example as 

σ¼ � 2
3

�

I1
∂W
∂I1
þ 2I2

∂W
∂I2

�

Iþ 2
��

∂W
∂I1
þ I1

∂W
∂I2

�

B �
∂W
∂I2

B ⋅ B
�

(3)  

where I is the unit tensor. 
Substituting Eq. (1) into Eq. (3), one arrives at the following equation 

σ¼ � 2
3
ðC1I1þ 2C2I2ÞIþ 2½ðC1þC2I1ÞB � C2B ⋅ B� (4) 

The latter can be transformed into the incompressible Mooney-Rivlin 
constitutive model 

σ¼ � pIþ 2C1B � 2C2B� 1 (5)  

where the isotropic part ð� 2C1I1 þ2C2I2Þ=3 is absorbed into pressure. 
Note that the limiting case of Hooke’s law, which should be inevitably 
recovered at small strains, requires that 2ðC1 þ C2Þ ¼ G, with G being 
the shear modulus. 

Such, and more complex hyperelastic models can successfully 
describe the stress-strain curves of several elastomeric fibers with a 
proper choice of the material constants C1, C2, etc. However, these 
models are based on a potential energy, and thus imply that the 
unloading will proceed along the same curve in the opposite direction, 
and any strain will vanish. This contradicts to the fact that polymers 
which were stretched to significant (finite) strains reveal a non-zero 
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residual strain after unloading (as demonstrated, in particular, in the 
present work), and thus, possess an irreversible plastic deformation [11, 
12]. Accordingly, the shape of the nonlinear stress-strain curves of 
elastomers is inevitably affected by plasticity, hence if strains are large 
enough hence, the hyperelastic models should be generalized to account 
for the plastic behavior. 

Experimental studies conducted with different polymers revealed 
rheological behavior which manifests non-linear elasticity, and almost 
ideal plasticity, or plasticity with strain hardening, strain-rate effects, 
creep and viscoelastic relaxation effects [13–17], as well as 
temperature-dependent deformation [18,19]. Relaxation and fatigue of 
polymers were probed using the cyclic-load test [20,21], which also 
revealed the history-dependent characteristics of polymers in addition 
to the intrinsic damage associated with plasticity. 

Viscoelasticity of polymer fibers had attracted considerable attention 
[3,22]. A comprehensive discussion of different relaxation processes in 
polymers and their molecular origin can be found in Ref. [22]. The 
techniques used to probe the molecular relaxation mechanisms involve 
the indirect integral mechanical and dielectric responses, as well as such 
molecular responses as the nuclear magnetic resonance and scattering 
techniques. In addition, molecular dynamics simulation are employed to 
understand the molecular motions responsible for the relaxation 
mechanisms [22]. 

Rheological constitutive equations of polymers involve phenome
nological or micromechanical approaches, where the former is based on 
the macroscopic observations, whereas the latter – on detailed material 
models. The micromechanical modeling is facilitated by atomistic sim
ulations [23,24], which is a bottom-up, computationally-intensive 
approach. 

Phenomenological models which account for viscoplasticity/dissi
pation of polymer fibers were also reported [25,26] and strain-rate ef
fects were accounted for [25]. However, a non-linear increase in stress at 
high strains observed for some polymers (like in Ref. [7] for rubber, or in 
the present work), as well as creep cannot be described by them. An 
overstress model intended to capture creep, plasticity and strain-rate 
effect was proposed in Ref. [27] where the viscosity coefficient 
(related to the relaxation time) is taken as a non-linear function of stress. 
However, the latter model is not presented in the invariant tensorial 
form and also cannot be generalized for hyperelastic behavior. 

A model based on network alteration theory used to describe the 
fatigue characteristics of styrene-butadiene rubber was developed in 
Ref. [28]. The model utilizes the Arruda and Boyce hyperelastic strain 
energy density for the network stress-strain relation and viscous 
behavior, which arises due to molecular relaxation because of the mo
lecular chain reptations. A further development of a similar approach 
incorporated the recoverable viscoelasticity and the effect of thermal 
dissipation on fatigue of rubbers, [29]. A viscoelastic – hyperelastic 
model was developed in Ref. [30] based on a strain-energy function with 
two exponential terms depending on the tensor invariants. The model of 
[30] successfully predicted the characteristic times of force rise for the 
applied torsional and radial displacement ramp tests in addition to the 
stress-strain relations for the deformation modes. However, the model of 
[30] did not incorporate plastic deformation. 

The works where the rheological constitutive models incorporate 
simultaneously the non-linear elasticity, plasticity, creep and visco
elastic relaxation are scarce. Cyclic creep - recovery and cyclic tensile- 
tensile behavior of polymer composites were described by the 
phenomenological model accounting for their viscoelastic and visco
plastic characteristics in Ref. [20]. A viscoelastic – viscoplastic consti
tutive model for asphalt material was proposed in Ref. [31] accounting 
for creep under tension and compression for different temperatures. The 
model involves multiple material parameters even at the reference 
temperature. 

The attempts to understand rheological behavior of semi-crystalline 
polymers based on the microscale crystalline and amorphous models 
were undertaken in Refs. [32–34]. In the framework of the 

micromechanical approach, Refs. [35,36], the hyperelastic and visco
plastic behavior of semi-crystalline polymers was accounted for. How
ever, this approach inevitably involves multiple physical parameters, 
whose values are unknown at present. A general invariant tensorial 
constitutive phenomenological model of polymers should be inevitably 
linked to macromolecular chain stretching and their interaction with 
each other [37]. 

Mechanical behavior of polymers determined by their rheological 
constitutive equations is important not only for monolithic materials, 
but also for polymer composites [24,38] and nonwovens [39,40]. 

In the present work, a general invariant tensorial model which ac
counts for hyperelasticity, plasticity, creep and viscoelasticity of poly
mers is attempted and compared to the experimental data for many 
polymers. Simple rheological constitutive relations, which incorporate 
linear elastic response, creep and the viscoelastic memory effects can be 
reduced to the equations discussed next. Creep and viscoelasticity in 
one-dimensional situation are described as [12] 

εðtÞ ¼ 1
E

2

4σðtÞþ ðγ � μÞ
Z t

� ∞
σðτÞe� μðt� τÞdτ

3

5 (6)  

where ε is the strain, σ is the stress, t is time, τ is the dummy variable, E 
¼ 3G is Young’s modulus, and γ and μ are the inverse stress relaxation 
time, and the inverse strain retardation time, respectively. It should be 
emphasized that γ>μ. 

Equation (6) can be transformed to the form resolved for the stress 

σðtÞ ¼E

2

4ε � ðγ � μÞ
Z t

� ∞
εðτÞe� γðt� τÞdτ

3

5 (7) 

Note, that both integral equations (6) and (7) are identical to the 
following differential equation 

dσ
dt
þ γσ¼E

�
dε
dt
þ με

�

(8)  

where d/dt denotes the material time derivative. Note also that Eqs. (6)– 
(8) imply the exponentially fading memories for stress relaxation and 
strain retardation. 

For tensile tests conducted at a constant strain rate _ε, the strain is 
equal to εðtÞ ¼ _εt. Substituting the latter into Eq. (7), one obtains the 
following stress-strain dependence 

σ¼E
hμ

γ
εþ

_ε
γ

�� μ
γ
þ 1
�
�
ðγ � μÞ _ε

γ2 exp
�
�

γε
_ε

�i
(9) 

At time t ¼ 0, ε is equal to zero, and accordingly Eq. (9) yields σ ¼ 0. 
Initially at very small strains, i.e., at ε→0, the result obtained from 

Eq. (9) reveals the linear dependence of stress on strain, which is in 
accordance with Hooke’s law, namely 

σ¼Eε (10) 

As the strain increases, Eq. (9) reveals a non-linear behavior, which is 
due to the exponential term present in the equation, which has nothing 
in common with hyperelasticity or plasticity. It also reveals the depen
dence of the stress-strain curve on strain rate _ε. At very large strain, i.e., 
at ε→∞, Eq. (9) reveals a linear behavior once again, albeit different 
from that of Eq. (10). Namely, the second linear asymptote takes the 
form 

σ¼E
�μ

γ

�
ε (11) 

This dependence is weaker than that of Eq. (10), since the ratio μ/γ <
1. The overall behavior of Eq. (9) is sketched in Fig. 1. 

Creep and viscoelastic relaxation predicted by Eq. (6) are illustrated 
by the following situation. Let a fiber be fully unloaded at t ¼ 0, i.e. at t 
¼ 0, the stress σ ¼ 0. Let at t ¼ þ0 the fiber is stretched instantaneously 
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with a constant stress σ0 and then during the time interval 0 < t � t1 is 
held at this stress. Then, Eq. (6) yields for this time period the following 
dependence of strain on time 

εðtÞ ¼ σ0

E

h
1þ

γ � μ
μ ð1 � e� μtÞ

i
at 0< t � t1 (12) 

The latter shows that there is an immediate elastic response 

εelastic ¼
σ0

E
(13)  

corresponding to Hooke’s law, followed by a time-dependent creep 
under load 

εcreepðtÞ ¼
σ0

E
ðγ � μÞ

μ ð1 � e� μtÞ at 0 < t � t1 (14) 

The maximum creep achieved at t ¼ t1 is 

εðt1Þ¼ εmax¼
σ0

E

h
1þ

γ � μ
μ ð1 � e� μt1 Þ

i
(15) 

Then, let the fiber loading ceases at t ¼ t1, i.e., at t > t1, the stress σ ¼
0. Then, Eq. (6) yields 

εðtÞ ¼ ðγ � μÞ
μ

σ0

E
½e� μðt� t1Þ � e� μt� at t1 < t<∞ (16) 

It is instructive to see that Eq. (16) predicts a different value of εðt1Þ
than Eq. (15), namely 

εðt1Þ¼
ðγ � μÞ

μ
σ0

E
½1 � e� μt1 � (17) 

Specifically, the value predicted by Eq. (15) is by σ0=E higher than 
the one predicted by Eq. (17). This means that an immediate elastic 
shrinkage happens at the unloading moment. Then, the rest of the strain 
relaxes to zero, i.e., ε→0, as t→∞ , because Eqs. (6)–(8) do not incor
porate plasticity. The strain history described by Eqs. (14) and (16) is 
depicted in Fig. 2. 

The general tensorial nonlinear elastic-plastic constitutive models, 
which do not incorporate creep and viscoelastic relaxation of the type of 
models (6)–(8) were introduced in Refs. [41–44]. These general tenso
rial models are presented in the form of a differential equation, which 
makes them convenient and accurate in description of transient defor
mation processes. The variant of interest in the present work which was 
already used in situations with uniaxial elongation in Ref. [45] reads 

σ¼ � pIþ τ (18)  

τ ¼ F⋅S⋅FT (19)  

S ¼ � G
�

C� 1⋅Cp⋅C� 1 �
Cp : C� 1

3
C� 1

�

(20)  

dCp

dt
¼Γ

 
3

C� 1
p : C

C � Cp

!

(21)  

where τ is the deviatoric stress tensor, F is the gradient of deformation 
tensor, C ¼ FT ⋅F is the Cauchy tensor, S is the deviator of the Piola- 
Kirchhoff tensor, Cp is the plastic deformation tensor, Γ is the plas
ticity parameter. The latter is given by the following expression 

Γ¼Γ0 exp
�

�
1
2

�
Z
σc

�2n�

(22)  

with Γ0, Z and n being the material parameters, and σc being the von 
Mises stress, σc ¼ ðσ : σÞ1=2. 

The aim of the present work is to develop a modified constitutive 
model and test it experimentally using such specimens as polymer fibers 
in tensile tests up to large strains, as well as in the creep and recovery 
experiments. The results are expected to reveal non-linear hyper
elasticity, plasticity, creep and viscoelastic relaxation. 

2. Experimental 

In the experiments different synthetic monofilament fibers were used 
as the specimens. The tests were conducted using the Dynamic Me
chanical Analysis (DMA) machine (model Q 800). The room tempera
ture during the tests was ~22 �C and the relative humidity (RH) is 

Fig. 1. The overall stress-strain curve in tensile test predicted by Eq. (9).  

Fig. 2. Creep and viscoelastic relaxation according to the model (6).  
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mentioned for each fiber type. The average diameters of the fibers used 
in the experiments are listed in Table 1. 

Tensile tests of the fibers were conducted at a constant stretching 
rate. Three trials were performed for each condition. For each trial, a 
new specimen was used. The initial length of each specimen was 
approximately 10 mm except for polypropylene. For polypropylene fiber 
initial length of approximately 6.5 mm was utilized which was deter
mined by their small diameters. 

Creep and recovery tests were conducted under tension, with a new 
specimen each run. The creep experiments were conducted under 
stresses of 20, 40, 80, 120 and 160 MPa. The duration of the creep and 
recovery stages was 10 min and 100 min, respectively, for all the 
experiments. 

3. Phenomenological constitutive equation accounting for 
hyperelasticity, plasticity, creep and viscoelastic relaxation 

3.1. Rheological constitutive equation 

As a starting point, we chose the hyperelastic model of Ref. [7]. This 
is related to the fact that if simpler neo-Hookean or Mooney-Rivlin 
sub-models [2] would be generalized to include plasticity and visco
elasticity, they still could not capture the non-linear increase in stress at 
higher stresses (corresponding to the so-called strain hardening) char
acteristic of many polymers (cf. section 4). Additionally, one can 
simplify the Yeoh model to neo-Hookean or Mooney Rivlin by choosing 
appropriate constants. 

The nonlinear strain energy function considered in Ref. [7] is in the 
form 

W ¼C1ðI1 � 3ÞþC2ðI1 � 3Þ2 þ C3ðI1 � 3Þ3 (23)  

where I1 ¼ trB, and C1, C2 and C3 are the physical constants. 
Then, the traceless deviatoric stress tensor of the Yeoh model takes 

the form [7] 

τ¼ 2
�
C1þ 2C2ðI1 � 3Þþ 3C3ðI1 � 3Þ2

�
�

B � ðB : IÞ
I
3

�

(24)  

where the Green tensor B ¼ F.FT. 
In the spirit of the modification of the neo-Hookean hyperelastic 

model in [41–44], Eq. (24) is modified as follows to account for 
plasticity 

τ ¼ 2
h
C1 þ 2C2ðI1 � 3Þ þ 3C3ðI1 � 3Þ2

i�

F⋅Cp
� 1⋅FT �

��
F⋅Cp

� 1⋅FT�

: I
� I

3

�

(25)  

where the plastic deformation tensor Cp is given by Eq. (21). 
Consider an axially-symmetric incompressible fiber-like specimen 

which undergoes uniaxial deformation. Then, the gradient of deforma
tion tensor F corresponds to the following matrix 

ðFÞ¼

0

@
λ 0 0
0 λ� 1=2 0
0 0 λ� 1=2

1

A (26)  

with λ being the stretching ratio in the axial direction. 
Accordingly, the Green tensor corresponds to the following matrix 

ðBÞ¼

0

@
λ2 0 0
0 λ� 1 0
0 0 λ� 1

1

A (27)  

and the plastic deformation tensor corresponds to 

�
Cp
�
¼

0

B
B
B
@

λ2
p 0 0

0 λ� 1
p 0

0 0 λ� 1
p

1

C
C
C
A

(28) 

In Eq. (28) λp denotes the plastic stretching ratio. 
Substituting Eqs. (26)–(28) into Eq. (25), one finds the deviatoric 

stresses in the following form 

τxx¼ 2
�
C1þ 2C2ðI1 � 3Þþ 3C3ðI1 � 3Þ2

�
"

2
3

 
λ2

λ2
p
�

λp

λ

!#

(29)  

τyy¼ τzz¼ 2
�
C1þ 2C2ðI1 � 3Þþ 3C3ðI1 � 3Þ2

�
"

1
3

 
λp

λ
�

λ2

λ2
p

!#

(30)  

where the x-axis corresponds to the fiber axis, and the y- and z-axes are 
the two additional Cartesian axes in the fiber cross-section; also, I1 ¼
trB ¼ λ2þ 2=λ. 

According to Eq. (18), the corresponding stresses are given by the 
following expressions 

σxx¼ � pþ τxx; σyy ¼ σzz ¼ � pþ τyy (31) 

Because the lateral surface of the fiber is traction- and load-free, 
σyy ¼ σzz ¼ 0 everywhere, and the second Eq. (31) yields the pressure 
as p ¼ τyy. Substituting the latter into the first Eq. (31), one obtains σxx ¼

τxx � τyy. Then, using Eqs. (29) and (30), one finds 

σxx¼ 2
�
C1þ 2C2ðI1 � 3Þþ 3C3ðI1 � 3Þ2

�
 

λ2

λ2
p
�

λp

λ

!

(32) 

In the limit of small strains ε→0 the response is purely elastic, i.e. 
λp � 1, and λ→1þ ε. Then, Eq. (32) yields 

σxx¼ 6C1ε (33)  

which is nothing but Hooke’s law, where the constant C1 ¼ G/2 ¼ E/6, 
as expected. On the other hand, the constants C2 and C3 can be deter
mined only in the non-linear regimes corresponding to higher strains. 

Equation (32) may be rewritten as 

σxx¼GKðλÞ

 
λ2

λ2
p
�

λp

λ

!

(34)  

where, KðλÞ ¼ f1 þ 4C02½I1ðλÞ � 3� þ 6C03½I1ðλÞ � 3�2g, with I1ðλÞ ¼ λ2 þ

2=λ, C02 ¼ C2=G and C03 ¼ C3=G. 
In addition, substituting Eqs. (26)–(28) into Eqs. (21) and (22), one 

obtains the differential equation describing the plastic deformation 

dλp

dt
¼Γ

λp

�
λ3 � λ3

p

�

�
λ3 þ 2λ3

p

� ; Γ¼Γ0 exp
�

�
1
2

�
Z

σxx

�2n�

(35)  

which is solved in stretching with the following initial condition 

t¼ 0; λp ¼ 1 (36) 

Note that during unloading (recovery), plastic deformation is 
‘frozen’ at its largest value achieved during loading [11], and thus, dλp=

dt ¼ 0 during unloading. 

Table 1 
Different fibers tested and their diameter.  

Fiber Diameter (μm) 

Nylon 6,6 150 
Polyethylene terephthalate (PET) 200 
Polybutylene terephthalate (PBT) 180 
Polypropylene (PP) 44 
Polytetrafluoroethylene (PTFE) 635 
Polyethyletherketone (PEEK) 150  
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It should be emphasized that Eq. (34) shows that the measure of the 
nonlinear elastic-plastic deformation is KðλÞðλ2 =λ2

p � λp =λÞ. Accord
ingly, Eqs. (6)–(8) can be generalized to the following three identical 
constitutive equations which incorporate the nonlinear elasticity 
(hyperelasticity), plasticity, creep, and viscoelastic relaxation 

KðtÞ

"
λ2ðtÞ
λ2

pðtÞ
�

λpðtÞ
λðtÞ

#

¼
1
G

2

4σxxðtÞþ ðγ � μÞ
Z t

� ∞
σxxðτÞe� μðt� τÞdτ

3

5 (37)  

σxxðtÞ¼G

8
<

:
KðtÞ

"
λ2ðtÞ
λ2

pðtÞ
�

λpðtÞ
λðtÞ

#

� ðγ � μÞ
Z t

� ∞

"
λ2ðτÞ
λ2

pðτÞ
�

λpðτÞ
λðτÞ

#

KðtÞe� γðt� τÞdτ

9
=

;

(38)  

KðtÞ
d
dt

"
λ2ðtÞ
λ2

pðtÞ
�

λpðtÞ
λðtÞ

#

þ μKðtÞ

"
λ2ðtÞ
λ2

pðtÞ
�

λpðtÞ
λðtÞ

#

¼
1
G

�
dσxxðtÞ

dt
þ γσxxðtÞ

�

(39)  

where KðtÞ ¼ K½λðtÞ�. 
Each of these equations is supplemented with Eq. (35) with the initial 

condition (36). 

3.2. Constitutive equation applied to tensile test 

Consider fiber stretching with a constant rate of strain _ε. Then, the 
strain increases as ε ¼ _εt, and thus, λ ¼ expð _εtÞ ¼ expðεÞ. Then, Eq. (38) 
yields 

σxxðtÞ¼G

8
<

:
KðtÞ

"
e2εðtÞ

λ2
pðtÞ
�

λpðtÞ
eεðtÞ

#

� ðγ � μÞ
Z t

� ∞

"
e2 _ετ

λ2
pðτÞ
�

λpðτÞ
e _ετ

#

KðtÞe� λðt� τÞdτ

9
=

;

(40)  

where 

KðtÞ ¼

"

1þ 4C
0

2

 
e2 _εt

λ2
p
þ 2

λp

e _εt � 3

!

þ 6C
0

3

 
e2_εt

λ2
p
þ 2

λp

e _εt � 3

!2#

(41) 

Accordingly, the stress-strain dependence is found from Eq. (40), 
together with Eq. (35) integrated numerically using the Kutta-Merson 
method subjected to the initial condition (36). The resulting stress- 
strain curve is shown in Fig. 3, and the corresponding dependences for 
the plastic stretching ratio λp and the ratio λp/λ on ε – in Figs. 4 and 5, 

respectively. 

3.3. Constitutive equation applied to creep and recovery tests 

Let a fiber be fully unloaded at time t ¼ 0 and then loaded practically 
instantaneously during a very short time tℓ→0. Because the loading time 
is very short, according to Eq. (35) during such loading λp � 1. Let the 
loading happens with a very high rate of stretching _εℓ→∞, so that the 
strainεℓ ¼ _εℓtℓ is finite. Then, Eq. (38) yields 

σ0 � G
�
eεℓ � e� 2εℓ

�
(42) 

The latter means that on the scale of the creeping and recovery test 
this initial stress σ0 is applied at t ¼ tℓ � 0. In other words, in the creep 
and recovery test, at t ¼ 0 the fiber is stretched instantaneously with a 
constant stress σ0 and then during the time interval 0 < t � t1 is held at 
this stress. Then, Eq. (37) yields for this time period the following 
dependence of strain on time 

KðtÞ

"
λ2ðtÞ
λ2

pðtÞ
�

λpðtÞ
λðtÞ

#

¼
σ0

G

h
1þ
ðγ � μÞ

μ ð1 � e� μtÞ
i
; 0� t � t1 (43)  

where 

Fig. 3. Nonlinear elastic-plastic stress-strain curve accounting for creep and 
viscoelastic relaxation predicted by Eqs. (35), (36) and (38) with the following 
values of the parameters: _ε ¼ 0:001 s� 1, γ ¼ 0.006 s� 1, μ ¼ 0.004 s� 1, E ¼
500 MPa, C2 ¼ 200 MPa, C3 ¼ 10 MPa, Γ0 ¼ 0.0003 s� 1, Z ¼ 20 MPa, and n 
¼ 1. 

Fig. 4. The plastic stretching ratio corresponding to the nonlinear elastic- 
plastic stress-strain curve accounting for creep and viscoelastic relaxation pre
dicted by Eqs. (35), (36) and (38). The result supplements that of Fig. 3. 

Fig. 5. The ratio λp/λ corresponding to the nonlinear elastic-plastic stress-strain 
curve accounting for creep and viscoelastic relaxation predicted by Eqs. (35), 
(36) and (38). The result supplements that of Fig. 3. 
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KðtÞ ¼
�

1þ 4C02

�

λ2ðtÞþ
2

λðtÞ
� 3
�

þ 6C0

3

�

λ2ðtÞ þ
2

λðtÞ
� 3
�2�

(44) 

Equation (43) with Eq. (44) yields the 9th order polynomial for λ(t) 

k10λ9þ k8λ7 þ k7λ6 þ k6λ5 þ k5λ4 þ k4λ3 þ k3λ2 þ k2λ � 24C0

3 ¼ 0 (45)  

where the coefficients k10 ¼ 6C03=λ2
p , k8 ¼ 4C02=λ2

p � 36C03= λ2
p , k7 ¼

24C03=λ2
p � 6C03λp, k6 ¼ 1=λ2

p � 12C02=λ2
p þ 54C03=λ2

pk5 ¼ 8C02= λ2
p �

4C02λp � 72C03=λ2
p þ 36C03λp, k4 ¼ 24C03=λ2

p � 24C03λp � D, k3 ¼ � λpþ

12C02λp � 54C03λp, k2 ¼ � 8C02λp þ 72C03λp and 

DðtÞ¼
σ0

G

h
1þ
ðγ � μÞ

μ ð1 � e� μtÞ
i

(46) 

It should be emphasized that all the above-mentioned coefficients 
are functions of time t, i.e., Eq. (45) should be solved at different time 
moments. For the values of the physical constants of interest in the 
present case, using Descarte’s rule of signs [46], one should expect 5 or 3 
or 1 positive real roots, which could have physical meaning. The nu
merical solution shows that there is only one real positive root λ(t). 

In addition, Eqs. (35) and (36) provide the differential equation 
describing the plastic strain ratio λp(t) in conjunction with Eqs. (43) and 
(44) 

dλp

dt
¼Γ0 exp

�

�
1
2

�
Z
σ0

�2n� λp

�
λ3 � λ3

p

�

�
λ3 þ 2λ3

p

� ; t¼ 0; λp¼ 1 (47) 

It should be emphasized that strain is found as ε ¼ ℓnλ. 
After that, at t ¼ t1 the load is removed. At that moment of time the 

plastic stretching ratio reaches a certain value, which is denoted as 

λp∞¼ λpðt1Þ (48) 

At t > t1 the fiber stays unloaded and its viscoelastic recovery takes 
place. During the unloading process the plastic stretching ratio does not 
change anymore and stays equal to λp∞. Then, Eq. (37) yields 

KðtÞ

"
λ2ðtÞ
λ2

p∞
�

λp∞

λðtÞ

#

¼
σ0

G
ðγ � μÞ

μ ðe� μðt� t1Þ � e� μtÞ; t > t1 (49)  

where 

KðtÞ ¼

(

1þ 4C
0

2

"
λ2ðtÞ
λ2

p∞
þ 2

λp∞

λðtÞ
� 3

#

þ 6C
0

3

"
λ2ðtÞ
λ2

p∞
þ 2

λp∞

λðtÞ
� 3

#2)

(50) 

Equation (49) with Eq. (50) yields the 9th order polynomial for λ(t) 

k010λ9þ k08λ7 þ k07λ6 þ k06λ5 þ k05λ4 þ k04λ3 þ k03λ2 þ k02λ � 24C0

3 ¼ 0 (51)  

where k10 ¼ 6C03=λ2
p∞, k8 ¼ 4C02=λ2

p∞ � 36C03=λ2
p∞, k7 ¼ 24C03= λ2

p∞ �

6C03λp∞, k6 ¼ 1=λ2
p∞ � 12C02=λ2

p∞þ 54C03=λ2
p∞, k5 ¼ 8C02= λ2

p∞ �

4C02λp∞ � 72C03=λ2
p∞þ 36C’

3λp∞, k4 ¼ 24C03=λ2
p∞ � 24C03λp∞ � E, k3 ¼ �

λp∞þ 12C02λp∞ � 54C03λp∞, k2 ¼ � 8C02λp∞þ 72C03λp∞, with 

EðtÞ ¼
σ0

G
ðγ � μÞ

μ
�
e� μðt� t1Þ � e� μt � (52) 

Equation (49) shows that as t→∞, the ratio λðtÞ=λp∞→1, i.e. fiber 
deformation is irreversible, and a residual stretching λp∞ is inevitably 
left. Because ε ¼ ℓnλ, this means that the residual strain εp∞ ¼ ℓnλp∞ is 
present after the creep and recovery process in the cases when constant 
stress σ0 was applied for a duration t1. 

The predicted result for the creep and recovery calculated using Eqs. 
(43)–(52) is presented in Fig. 6. 

4. Comparison with experimental data and discussion 

4.1. Nylon 6,6 

4.1.1. Tensile behavior 
Fig. 7 depicts the experimental results for nylon 6,6 specimens ob

tained in tensile tests. All of them reveal a nonlinear stress-strain 
dependence even at relatively low strains ε < 0.05 (Fig. 7a). The rheo
logical model reveals the results obtained from Eq. (40) [with Eq. (35) 
solved numerically subjected to the initial condition (36) using the 
Kutta-Merson method] with the strain rate of 10� 5 s� 1. 

The values of the physical parameters of nylon established via fitting 
of the theory to the experiment in Fig. 7 are listed in Table 2. Nylon 6,6 
shows a characteristic nonlinear stress-strain curve at high strains as 
observed for rubber [7]. The material constants Γ0, Z and n determine 
the plastic behavior of the fiber as explained before. It should be 
emplasized that an ideal plastic behavior would not reveal the charac
teristic increase in stress after plasticity sets in, as it observed in Fig. 7. 
The increase in the stress in the nonlinear regime is affected by the 
physical hyperelastic parameters C2 and C3, as well as the non-ideal 
plasticity. 

4.1.2. Behavior in creep and recovery 
In the present experiments, fiber-like specimens were loaded for t1 ¼

600 s with a certain tensile stress σ0 to observe fiber creep. Then, the 
specimens were unloaded and observed up to 6000 s to trace fiber re
covery. Fig. 8 depicts the experimental data obtained for the stress range 
σ0 ¼ 20–160 MPa. The theoretical predictions employed the same set of 
material parameters, as those found in the tensile test and listed in 
Table 2. 

It can be seen that the theoretical model can accurately predict the 
material behavior in both tensile and creep and recovery tests with the 
same set of parameters. The time-dependent change in strain observed in 
the recovery tests for all stresses σ0 reveals the effect of the viscoelastic 
nature of the material. At the end of the recovery stage at t ¼ 6600 s, 
which is a practical infinity, way beyond the time-dependent visco
elastic recovery, there is still a non-zero residual strain for all cases. This 
is the manifestation of the plasticity of the polymer specimens, and the 
rheological model does captures this residual strain. 

4.1.3. Comparison for different strains 
In each experiment of Fig. 8 the residual plastic strain εp∞ has been 

measured at the end of the test (which is essentially long after the 

Fig. 6. Strain variation in time during the creep and viscoelastic recovery test 
predicted by Eqs. (43)–(52), with ε ¼ ℓnλ. It is seen that the predicted residual 
strain is εp∞ � 0:001 in this case. The following values of parameters were used: 
_ε¼ 0:001s� 1, γ ¼ 0.006 s� 1, μ ¼ 0.004 s� 1, E ¼ 500 MPa, C2 ¼ 200 MPa, C3 ¼

10 MPa,Γ0 ¼ 0.0003 s� 1, Z ¼ 20 MPa, n ¼ 1, and t1 ¼ 600 s. 
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viscoelastic recovery). It is plotted versus the initial elastic strain in 
Fig. 9. The difference between the maximum strain εmax (after the creep 
stage) and the initial elastic strain, i.e., εmax � ε0, is plotted against the 
initial elastic strain in Fig. 10. These residual plastic strains are impor
tant for design considerations and would not be revealed by tensile tests 
alone. 

The residual plastic strain observed in Fig. 9 is relatively smaller than 

Fig. 7. Stress-strain curves for nylon 6,6 specimens measured in tensile tests at the stretching rate of 0.006 mm/min: (a) until a moderate strain of ε ¼ 0.05, and (b) 
until the ultimate strength and failure. True stress and strains are plotted for the experimental values and the theory. Relative Humidity (RH) ¼ 60–70%. The 
experimental data are shown by symbols, whereas the theoretical predictions – by lines. 

Table 2 
Material parameters of nylon 6,6 fiber-like specimen established in tensile tests.  

γ (s� 1) μ 
(s� 1) 

E 
(MPa) 

C2 

(MPa) 
C3 

(MPa) 
Γ0(s� 1)  Z 

(MPa) 
n 

0.016 0.01 1580 1400 210 0.000016 20 1  

Fig. 8. Comparison of the theoretical predictions and experiments in the creep and recovery tests of nylon 6,6 specimens stretched at (a) σ0 ¼ 20 MPa, (b) σ0 ¼ 40 
MPa, (c) σ0 ¼ 80 MPa, (d) σ0 ¼ 120 MPa, and (e) σ0 ¼ 160 MPa for 600 s, and then recovered. RH ¼ 60–70%. The experimental data are shown by symbols, whereas 
the theoretical predictions – by lines. 

A.L. Yarin et al.                                                                                                                                                                                                                                 



Polymer Testing 85 (2020) 106444

8

the elastic strain at the stresses σ0 ¼ 20 MPa and σ0 ¼ 40 MPa. However, 
the residual plastic strain increases considerably at high stresses, for 
example, for σ0 ¼ 80 MPa the residual plastic strain is about 9% of the 
elastic strain, and for σ0 ¼ 160 MPa the residual plastic strain is about 
16% of the elastic strain. Additionally, Fig. 10, shows that the maximum 
strain observed at the end of 600 s is about 1.5 times the elastic strain for 
the stresses σ0 ¼ 20–80 MPa, while it reduces to about 1.4 times and 
1.25 times at 120 MPa and 160 MPa, respectively. 

4.2. Polyethylene terephthalate (PET) 

4.2.1. Tensile behavior 
Fig. 11 depicts the experimental results for polyethylene tere

phthalate (PET) specimens obtained in tensile tests. All of them reveal a 
nonlinear stress-strain dependence even at relatively low strains ε <
0.05 (Fig. 11). The material parameters found are listed in Table 3. It 
should be emphasized that the model performance is satisfactory up to 
the strain ε �0.06. At higher strains the model with the chosen values of 
parameters listed in Table 3 under-predicts the stress values. The pa
rameters are chosen to be uniformly valid for tensile test considered in 
this sub-section and the creep and recovery tests considered in sub- 
section 4.2.2. A better fitting of the model in the ε > 0.06 range 
would cause a deteriorated accuracy in the creep and recovery tests. 
Accordingly, the chosen parameter values serve as the best uniformly 
valid set possible for the present phenomenological model. 

4.2.2. Behavior in creep and recovery 
Fig. 12 shows the experimental results for PET obtained in creep and 

recovery tests at stresses 40–160 MPa. It is observed that the PET fiber 
behavior in creep and recovery are accurately predicted with the uni
formly valid set of parameters in Table 3. There is a significant under- 
prediction of the creep strain at 160 MPa. This is an inevitable conse
quence of the uniformly valid set of the physical parameters chosen for 
PET for the present phenomenological model. 

4.3. Polybutylene terephthalate (PBT) 

4.3.1. Tensile behavior 
Fig. 13 shows the experimental results for polybutylene tere

phthalate (PBT) specimens obtained in tensile tests. The results reveal a 
stress-strain dependence like the one for an elastic-plastic material at 
relatively low strains ε < 0.05. However, at higher strains, PBT reveals a 
characteristic nonlinear stress-strain curve as observed for rubber [7]. 
The material parameters of the rheological constitutive equation 
established in conjunction to these experiments are listed in Table 4. The 
theoretical model over-predicts the stress at higher strains (>0.27). This 
might be related to the mechanical degradation in polymers at high 
stresses which is not accounted for in the present phenomenological 
model. 

4.3.2. Behavior in creep and recovery 
It is observed that in the creep-recovery experiments presented in 

Fig. 14, the rheological model accurately predicts the PBT fiber defor
mation in the cases of 20 MPa and 40 MPa with the same set of material 
parameters as that for the tensile test (Table 4). However, at higher 
stresses employed in the creep tests, the model underpredicts the 
deformation considerably. It is interesting to note that the description of 
the strain in creep deteriorates at higher stretching stresses, which 
shows that the constant uniformly valid physical parameters of the 
present phenomenological model probably fail due to the fact that the 
elastic modulus can diminish at higher stresses, for example, due to the 

Fig. 9. Plastic strain εp∞ versus the elastic strain ε0 for nylon 6,6 specimens at 
different stresses σ0 ¼ 20, 40, 80, 120 and 160 MPa. 

Fig. 10. The strain difference εmax � ε0 versus the elastic strain ε0 for nylon 6,6 
specimens at different stresses σ0 ¼ 20, 40, 80, 120 and 160 MPa. 

Fig. 11. True stress-true strain curves for polyethylene terephthalate (PET) 
fiber specimens measured in tensile tests at the stretching rate of 100 μm/min. 
RH ¼ 16–21% The experimental data are shown by symbols, whereas the 
theoretical predictions – by line. 

Table 3 
Material parameters of PET fiber specimen established with the model.  

γ (s� 1) μ (s� 1) E (MPa) C2 (MPa) C3 (MPa) Γ0(s� 1)  Z (MPa) n 

0.0058 0.005 13800 10 10 0.0048 80 1  
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mechanical degradation. 
Fig. 15 shows the comparison with the change in the elastic and 

viscoplastic material parameters to those listed in Table 5. It is seen that 
the rheological model better captures the fiber behavior in the creep and 
recovery tests at 80 MPa, 120 MPa and 160 MPa with this set of 

parameters, albeit being already not a uniformly valid one. 

4.4. Polypropylene 

4.4.1. Polypropylene: tensile behavior 
The experimental results for polypropylene specimens obtained in 

tensile tests are shown in Fig. 16. The model results are obtained with 
the strain rate of 1.67 � 10� 4 s� 1 with the corresponding material pa
rameters listed in Table 6. The experimental results deviate from each 
other slightly at higher strains, and the theoretical model reveals an 
increase in stress at strains ε > 0.20 in comparison to the experimental 
results. As mentioned before, this might be related to the mechanical 
degradation in polymers at high stresses which is not accounted for in 
the present phenomenological model. 

4.4.2. Polypropylene: Behavior in creep and recovery 
Experimental results and model prediction obtained for creep and 

recovery tests with the creep stress between 20 MPa and 160 MPa are 
shown in Fig. 17. It is evident that the theoretical model can predict the 
material behavior in both tensile and creep and recovery tests with the 
same set of parameters with only minor deviations. However, at the 
creep stresses in the 80 MPa–160 MPa range, the model under-predicts 

Fig. 12. Comparison of the theoretical predictions and experiments in the creep and recovery tests of PET fiber stretched at (a) σ0 ¼ 40 MPa, (b) σ0 ¼ 80 MPa, (c) 
σ0 ¼ 120 MPa, and (d) σ0 ¼ 160 MPa for 600 s, and then recovered. RH ¼ 16–21%. The experimental data are shown by symbols, whereas the theoretical predictions 
– by lines. 

Fig. 13. True stress-true strain curves for PBT fiber specimens measured in 
tensile tests at the stretching rate of 100 μm/min. RH ¼ 16–21%. The experi
mental data are shown by symbols, whereas the theoretical predictions – 
by line. 

Table 4 
Material parameters of PBT fiber specimen.  

γ (s� 1) μ (s� 1) E (MPa) C2 (MPa) C3 (MPa) Γ0(s� 1)  Z (MPa) n 

0.008 0.0065 2700 7500 2.5 0.0075 30 1  
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strains during the creep test, probably due to the mechanical degrada
tion unaccounted for by the present phenomenological model. 

4.5. Polytetrafluoroethylene 

4.5.1. Polytetrafluoroethylene: tensile behavior 
Fig. 18 depicts the experimental results for polytetrafluoroethylene 

(PTFE) specimens obtained in the tensile tests. The results revealed 
viscoelastic-plastic deformation with a pronounced plastic deformation. 
The fibers did not reach their breaking point in the results shown in 
Fig. 18. The material parameters corresponding to the rheological model 
fitting to these data are listed in Table 7. 

4.5.2. Polytetrafluoroethylene: Behavior in creep and recovery 
Experimental results and model prediction obtained for creep and 

recovery tests with creep stress between 10 MPa and 40 MPa are shown 
in Fig. 19. The theoretical results are based on the material parameters 
listed in Table 7. The model captures the creep-recovery deformation 
satisfactorily. However, the description deteriorates at the stress of 40 
MPa, probably because of the unaccounted for mechanical degradation. 

Fig. 14. Comparison of the theoretical predictions and experiments in the creep and recovery tests of PBT fiber stretched at (a) σ0 ¼ 20 MPa, (b) σ0 ¼ 40 MPa, (c) 
σ0 ¼ 80 MPa, (d) σ0 ¼ 120 MPa, and (e) σ0 ¼ 160 MPa for 600 s, and then recovered. RH ¼ 16–21%. The experimental data are shown by symbols, whereas the 
theoretical predictions – by lines. 

Fig. 15. Comparison of the theoretical predictions and experiments with the change in the material parameters as in Table 5 for PBT fiber stretched at (a) σ0 ¼ 80 
MPa, (b) σ0 ¼ 120 MPa, and (c) σ0 ¼ 160 MPa for 600 s, and then recovered. The experimental data are shown by symbols, whereas the theoretical predictions – 
by lines. 

Table 5 
Modified material parameters of PBT fiber specimen.  

γ (s� 1) μ (s� 1) E (MPa) C2 (MPa) C3 (MPa) Γ0(s� 1)  Z (MPa) n 

0.008 0.0065 500 700 2.5 0.0018 140 1  
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Fig. 16. True stress-true strain curves for polypropylene fiber specimens 
measured in tensile tests at the stretching rate of 100 μm/min. RH ¼ 21–25%. 
The experimental data are shown by symbols, whereas the theoretical pre
dictions – by line. 

Table 6 
Material parameters of polypropylene fiber.  

γ (s� 1) μ (s� 1) E (MPa) C2 (MPa) C3 (MPa) Γ0(s� 1)  Z (MPa) n 

0.016 0.01 4020 4000 14 0.0022 40 1  

Fig. 17. Comparison of the theoretical predictions and experiments in the creep and recovery tests of polypropylene fiber stretched at (a) σ0 ¼ 20 MPa, (b) σ0 ¼ 40 
MPa, (c) σ0 ¼ 80 MPa, (d) σ0 ¼ 120 MPa, and (e) σ0 ¼ 160 MPa for 600 s, and then recovered. RH ¼ 21–25%. The experimental data are shown by symbols, whereas 
the theoretical predictions – by lines. 

Fig. 18. True stress-true strain curves for polytetrafluoroethylene fiber speci
mens measured in tensile tests at the stretching rate of 100 μm/min. RH ¼
24–27%. The experimental data are shown by symbols, whereas the theoretical 
predictions – by line. 

Table 7 
Material parameters of polytetrafluoroethylene fiber specimen.  

γ (s� 1) μ (s� 1) E (MPa) C2 (MPa) C3 (MPa) Γ0(s� 1)  Z (MPa) n 

0.013 0.010 1360 1 11 0.0054 20 1  
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4.6. Polyethyletherketone 

4.6.1. Polyethyletherketone: tensile behavior 
Fig. 20 depicts the experimental results for polyethyletherketone 

(PEEK) specimens obtained in tensile tests. The deviation of the pre
dictions from the experimental data at higher stresses and strains can be 
caused by the mechanical degradation unaccounted for by the 
phenomenological model. The material parameters corresponding to 
fitting of the rheological model to the data are listed in Table 8. 

4.6.2. Polyethyletherketone: Behavior in creep and recovery 
It is observed that in comparison with the results of the creep- 

recovery experiments presented in Fig. 21, the model accurately pre
dicts the PEEK fiber deformation in case of 20 MPa–80 MPa. At higher 
creep stresses of 120 MPa and 160 MPa, the model underpredicts the 
deformation at the creep stage. However, the residual plastic strain is 
satisfactorily predicted for all cases. The experimental results at 120 
MPa and 160 MPa indicate an apparent reduction in the elastic modulus 
due to the mechanical degradation unaccounted for by the present 

Fig. 19. Comparison of the theoretical predictions and experiments in the creep and recovery tests of polytetrafluoroethylene fiber stretched at (a) σ0 ¼ 10 MPa, (b) 
σ0 ¼ 20 MPa, (c) σ0 ¼ 30 MPa, and (d) σ0 ¼ 40 MPa for 600 s, and then recovered. RH ¼ 24–27%. The experimental data are shown by symbols, whereas the 
theoretical predictions – by lines. 

Fig. 20. True stress-true strain curves for polyethyletherketone fiber specimens 
measured in tensile tests at the stretching rate of 100 μm/min. RH ¼ 24–27%. 
The experimental data are shown by symbols, whereas the theoretical pre
dictions – by line. 

Table 8 
Material parameters of polyethyletherketone fiber specimen established in 
tensile tests.  

γ (s� 1) μ (s� 1) E (MPa) C2 (MPa) C3 (MPa) Γ0(s� 1)  Z (MPa) n 

0.012 0.010 7000 4500 10 0.0035 5 1  
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phenomenological model. 

5. Conclusion 

A comprehensive phenomenological constitutive model accounting 
for hyperelastic, plastic, creep and viscoelastic behavior of elastomers is 
proposed. The rheological model reveals all the characteristics, which 
are observed experimentally. Tensile, creep and recovery experiments 
were conducted with such specimens as nylon 6,6, polyethylene tere
phthalate, polybutylene terephthalate, polypropylene, polytetrafluoro
ethylene and polyethyletherketone. The phenomenological model was 
compared with these experiments. With uniformly valid material pa
rameters, the model proposed in this work predicted the stress-strain 
curve in tensile tests with large deformations, as well as creep and 
subsequent viscoelastic recovery except in the case of PBT. Also, the 
model was able to predict the measured maximum and residual plastic 
strains resulting from the creep and recovery tests. Considerable change 
in the elastic and viscoplastic material parameters was required in the 
case of polybutylene terephthalate (PBT) to model the creep-recovery 
behavior. 
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